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Abstract

We propose a method for filling arbitrarily wide gaps in deterministic time series. Crucial to the method is the ab
apply Takens’ theorem in order to reconstruct the dynamics underlying the time series. We introduce a functional to
the degree of compatibility of a filling sequence of data with the reconstructed dynamics. An algorithm for finding
compatible filling sequences with a reasonable computational effort is then discussed.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

One problem faced by many practitioners in the
plied sciences is the presence of gaps (i.e. seque
of missing data) in observed time series, which ma
hard or impossible any analysis. The problem is r
tinely solved by interpolation if the gap width is ve
short, but it becomes a formidable one if the gap wi
is larger than some time scale characterizing the
dictability of the time series.

If the physical system under study is described
a small set of coupled ordinary differential equatio
then a theorem by Takens[1,2] suggests that from
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0375-9601/$ – see front matter 2005 Elsevier B.V. All rights reserved
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s

single time series it is possible to build-up a mathem
ical model whose dynamics is diffeomorph to that
the system under examination. In this Letter we lev
age the dynamic reconstruction theorem of Takens
filling an arbitrarily wide gap in a time series.

It is important to stress that the goal of the meth
is not that of recovering a good approximation
the lost data. Sensitive dependence on initial co
tions, and imperfections of the reconstructed dyna
ics, make this goal a practical impossibility, except
some special cases, such as small gap width, or
odic dynamics. We rather aim at giving one or mo
surrogate data which can be consideredcompatible
with the observed dynamics, in a sense which will
made rigorous in the following.
.
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We shall assume that an observable quantitys is
a function of the state of a continuous-time, lo
dimensional dynamical system, whose time evolut
is confined on a strange attractor (that is, we exp
itly discard transient behavior). Both the explicit for
of the equations governing the dynamical system
the function which links its state to the signals(t) may
be unknown. We also assume that an instrument s
pless(t) at regular intervals of length�t , yielding an
ordered set ofN̄ data

(1)si = s
(
(i − 1)�t

)
, i = 1, . . . , N̄ .

If, for any cause, the instrument is unable to record
value ofs for a number of times, there will be som
invalid entries in the time series{si}, for some values
of the indexi.

From the time series{si} we reconstruct the un
derlying dynamics with the technique of delay coor
nates. That is, we shall invoke Takens’ theorem[1,2]
and claim that them-dimensional vectors

xi = (si , si+τ , . . . , si+(m−1)τ )

lie on a curve inRm which is diffeomorph to the curv
followed in its (unknown) phase space by the state
the dynamical system which originated the signals(t).
Here τ is a positive integer, andi now runs only up
to N = N̄ − (m − 1)τ . Severals pitfalls have to b
taken into account in order to choose the most
propriate values form andτ . Strong constraints als
come from the length of the time series, compared
the characteristic time scales of the dynamical syst
and from the amount of instrumental noise which
fects the data. We shall not review these issues h
but address the reader to Refs.[3–5].

We note that gaps (that is, invalid entries) in t
time series{si} do not prevent a successful reconstr
tion of a setR = {xi} of state vectors, unless the tot
width of the gaps is comparable with̄N . We simply
mark as “missing” any reconstructed vectorxi whose
components are not all valid entries. If the gap in
signals spans more than(m−1)∗τ data points, then i
will be mapped into a contiguous gap in the seque
of reconstructed vectors.

If the valid vectors ofR sample well enough th
underlying strange attractor embedded inR

m, one may
hope to find, by means of a suitable interpolation te
nique, a vector fieldF :U → R

m, such that within an
open setU of R
m containing all the vectorsxi , the ob-

served dynamics can be approximated by

(2)ẋ = F(x).

This very idea is at the base of several forecas
schemes, where one takes the last observed vectoxN

as the initial condition for Eq.(2), and integrates it for
ward in time (see, e.g.,[7,8]).

The gap-filling problem was framed in terms
forecasts by Serre et al.[9]. Their method, which
amounts to a special form of the shooting algorit
for boundary value problems, is limited by the p
dictability properties of the dynamics, and cannot
gaps of arbitrary width.

The rest of this Letter is organized as follows:
Section2 we cast the problem as a variational on
where a functional measures how well a candidate
ing trajectory agrees with the vector field defining t
observed dynamics. Then an algorithm is proposed
finding a filling trajectory. In Section3 we give an
example of what can be obtained with this meth
Finally, we discuss the algorithm and offer some sp
ulations on future works in Section4.

2. A variational approach

The source of all difficulties of gap-filling come
from the following constraint: the interpolating curv
which shall be as close as possible to a solution of(2),
must start at the last valid vector before the gap
reach the first valid vector after the gap in a timeT

which is prescribed.
To properly satisfy this constraint, we propose

frame the problem of filling gaps as a variational o
We are looking for a differentiable vector functio
ξ : [0, T ] → U which minimizes the functional

(3)J (ξ) =
T∫

0

∣∣ξ̇ (t) − F
(
ξ(t)

)∣∣2 dt,

with

ξ(0) = xp, ξ(T ) = xq .

Defining l = q − p, we haveT = l�t . If the curve
ξ(t) coincided with the missing curvex(t) for t ∈
[0, T ], and F where a perfect reconstruction of th
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vector field governing the dynamics of the syste
then the functional would reach its absolute minim
J = 0. The imperfect nature ofF suggests that an
curve which makesJ small enough can be consi
ered, on the basis of the available information, a s
rogate of the true (missing) curve. In Section3 we
shall offer a simple criterion to quantify how sma
is “small enough”. For the moment we only care
remark that, even for a perfect reconstruction of
vector field, a curveξ makingJ arbitrarily small, but
not zero, need not to approximatex(t), in fact, the
two curves may be quite different; however, such
curve ξ is consistent with the dynamics prescrib
by (2).

Approaching a small value ofJ from an arbitrary
initial curve using standard optimization methods m
be computationally very expensive. In addition, d
cretized forms of(3) may have many relative minim
far away from zero, and we expect that downhill alg
rithms will fall on one of these uninteresting minim
for most choices of the initial guess. Thus, our pro
lem really reduces to that of finding an initial gue
suitable for easy refinement.

The complexity of the problem is greatly limited
we require that the set of pointsL = {yj } that sam-
ple the initial guess, has to be a subset of the
R of reconstructed vectors. The indexj = 0,1, . . . , l

does not necessarily follow the temporal order
fined in R by the indexi (cf. Eq. (1)), but we re-
quire thaty0 ≡ xp andyl = xq . We shall denote with
S(yj ) the successor of the vectoryj with respect to
the temporal order inR, and with P(yj ) its prede-
cessor. IfP(yj+1) �= yj , S(yj ) �= yj+1 we say that
there is a jump between the positionj and j + 1.
We observe that ifL contained all the missing vec
tors in the correct order (L= {xp,xp+1, . . . ,xq}) there
would be no jumps inL. No subset ofR can be
found starting atxp, ending atxq , and containing no
jumps.

To determine properties which characterize go
choices forL, we need to define a discretized for
of the functionalJ that can be evaluated for subse
of R, rather than for differentiable curves. To th
end we may approximatėξ − F(ξ) with [(yj+1 −
yj ) − (yj+1 − P(yj+1))]/�t or with [(yj+1 − yj ) −
(S(yj ) − yj )]/�t . Averaging between the two ex
pressions, and dropping the unimportant�t , the
discretized form ofJ is
J0(L) = ∣∣P(y1) − y0
∣∣2

+
l−2∑
j=1

|P(yj+1) − yj |2 + |yj+1 − S(yj )|2
2

(4)+ ∣∣yl − S(yl−1)
∣∣2.

Of course, we shall restrict our choice of vectors to
included inL only to valid vectors ofR having valid
predecessor and successor.

The value ofJ0 increases every time that there
a jump inL. Only the sequence of missing vectors
it were known, would giveJ0 = 0. The magnitude o
the jump (that is the distance betweenP(yj+1) andyj ,
andS(yl−1) andyl) also affectsJ0.

Although a setL which performs many very sma
jumps can conceivably attain a very low value ofJ0,
there is an exceedingly small probability to find
within a finite dataset. An illustration of this stateme
comes from the histogram inFig. 1, which shows the
distribution of distances between each reconstru
vector and its closest neighbor for the dataset
cussed in Section3: as expected the frequency of clo
est neighbors quickly drops to zero for short distanc
Then our strategy for finding an initial guess for
downhill minimizer will be that of looking for a se
L which performs as few jumps as possible, givin
somewhat lesser importance to the task of keeping
jumps very small.

Let us call orbit any sequence of valid vecto
which does not jump. The first vector of an orbit sh
have a valid predecessor, and the last a valid succe

Fig. 1. Distribution of distances between each reconstructed ve
and its closest neighbor for the dataset discussed in Section3.
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Thus we define thepredecessor of the orbit as the pre-
decessor of its first vector and likewise thesuccessor
of the orbit as the successor of its last vector. We s
that an orbit isconsecutive to a point if its successo
or its predecessor is the closest neighbor of the po
Two orbits areconsecutive if the successor of one orb
is the closest neighbor of the first vector of the ot
orbit, or if the predecessor of one orbit is the clos
neighbor of the last vector of the other orbit. Let
call branch a set made of consecutive orbits. Belo
we describe a simple algorithm to construct a setL by
joining together one or more consecutive orbits.

(1) We follow forward in time the orbit consecutiv
to xp for l steps, or until it has a valid successor. W
store away the set of points made ofxp followed by
the points of this orbit as the 1-jump forward branch.

(2) For each pointyj of each(n − 1)-jumps for-
ward branch (wherej = r,2r, . . . � lf , r is an ar-
bitrary stride,lf + 1 is the number of points in th
forward branch andlf � l), we follow forward in time
the orbit consecutive toyj for l − j steps, or until it
has a valid successor. We store away all the point
to yj of the current forward branch followed by th
points of the consecutive orbit as one of then-jumps
forward branches.

(3) We repeat step (2) for a fixed numbernf of
times.

(4) We follow backward in time the orbit consec
tive toxq for l steps, or until it has a valid predecess
We store away the points of the consecutive orbit
lowed byxq as the 1-jump backward branch.

(5) For each pointzj of each(n − 1)-jumps back-
ward branch (wherej = 0, r,2r, . . . < lb, r is an ar-
bitrary stride,lb + 1 is the number of points in th
backward branch, andlb � l), we follow backward in
time the orbit consecutive tozj for j steps, or until it
has a valid predecessor. We store away all the poin
this orbit followed by all the points fromzj to the end
of the current backward branch as one of then-jumps
backward branches.

(6) We repeat step (5) a fixed numbernb of times.
(7) For all possible pairs made by one forwa

branch and one backward branch we examinesynchro-
nous pairs of points, that is a pointyjf

in the forward
branch, and a pointzjb

in the backward branch suc
that jf + lb − jb = l, wherelb + 1 is the number o
points in the backward branch. If they coincide,
one is the closest neighbor of the other, then we
fineL= {y0, . . . ,yjf

, zjb+1, . . . , zlb }.
The setL has two properties which make it unsuitab
for filling the gap: it does not approximate well th
vector fieldF in correspondence of the jumps, and
is piecewise identical to portions of the known sign
Both problems may be fixed by iterating a downh
minimization method usingL as the initial guess. To
this purpose we need a discretized form of(3) which
allows as argument any finite sequence of points oU

(the discretization(4) is defined only for subsets ofR).
The simplest among many possibilities relies on fin
differences, leading to the following expression

(5)J1(M) =
l∑

j=1

∣∣∣∣wj − wj−1

�t
− F(wj−1/2)

∣∣∣∣
2

,

whereM = w0, . . . ,wl , and the vectorswj may or
may not belong toR. Here F(wj−1/2) is the vector
field F evaluated at the midpoint betweenwj−1 and
wj ; J1 is a function ofm(l−1) real variables (w0 = xp

andwl = xq shall be kept fixed), which can be min
mized with standard techniques, usingL as the initial
guess.

3. An example

In this section we show how the algorithm d
scribed above performs on a time series generated
chaotic attractor. We integrate numerically the Lore
equations[10] with the usual parameters (σ = 10,
r = 28, b = 8/3). We sample thex-variable of the
equations with an interval�t = 0.02, collecting 5000
consecutive data points which are our time series.
thousand consecutive data points are then marke
“not-valid”, thus inserting in the time series a g
with a width of 1/5th of the series length, correspon
ing to a timeT = 20. For this choice of paramete
the Lorenz attractor has a positive Lyapunov ex
nentλ ≈ 0.9 [6], setting the Lyapunov time scale
λ−1 ≈ 1.1. We also find that the autocorrelation fun
tion of the time series drops to negligible values
about 3 time units. We conclude thatT is well beyond
any realistic predictability time for this time series.

In the present example we selected the embed
delay τ = 5 simply by visual inspection of the re
constructed trajectory, and we choose an embed
dimensionm = 3. However, we checked that resu
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are just as satisfactory at least up to embedding d
τ = 15, and embedding dimensionm = 6.

We apply the algorithm withnf = 2 andnb = 0.
The strides arer = 1 for the 2-jumps forward orbit
andr = 100 for the 3-jumps forward orbits. This lea
to 11 001 forward orbits to be compared with 1 ba
ward orbit, looking for synchronous pairs points whi
coincide or are closest neighbor of each other. We
two such pair of points, and the corresponding two
tial guessesL1 andL2 are such thatJ0(L1) = 1.21 and
J0(L2) = 1.04.

The approximating vector fieldF is extremely sim-
ple, and its choice is dictated solely by ease of imp
mentation. A comparison between different interpo
ing techniques is off the scope of this Letter, and
interested reader may find further information in[7].
If x̄j and ¯̄xj are the vectors ofR, respectively, closes
and second closest to a vectorwj , then we define

(6)F(wj−1/2) = x̄j − P(x̄j ) + ¯̄xj − P( ¯̄xj )

2�t
.

Using the definition(6) in (5), we obtainJ1(L1) =
3.46 andJ1(L2) = 3.17. In order to smooth-out th
jumps in the filling sets, the functionJ1 is further de-
creased by iterating five times a steepest-descent
minimization (see, e.g.,[11]) usingL1 andL2 as ini-
tial guesses. This procedure yields two sets ofl + 1
points,M1 andM2 such thatJ1(M1) = 1.54, and
J1(M2) = 1.34. The corresponding time series a
shown inFig. 2. The difference between the smooth
setsM1 andM2 plotted inFig. 2 and the sets with
jumpsL1 andL2 would be barely noticeable on th
scale of the plot.

The effect of the smoothing may be appreciated
looking at Fig. 3 which shows the region across t
jump between two consecutive orbits ofL1. The non-
smoothed filling set (dashed line) abruptly jumps fro
one orbit to the other, but the smoothed trajectory s
gled out by the points ofM1 (thick solid line) gently
moves between them.

No attempt has been made to approach as clo
as possible a minimum ofJ1. In fact, we verified tha
for orbits inR having the same length as the interp
lating setsM1 andM2, J1 ranges (roughly) betwee
1 and 9. A general criterion to quantify the accura
with which the fieldF approximates the true dynami
Fig. 2. Panel (A) shows portion of the time series discussed in
tion 3. The bold line was removed and the resulting gap was fi
by applying the algorithm described in Section2. The bold lines in
panels (B) and (C) are two different fillings.

Fig. 3. Plot of the first two components of the reconstructed vec
of: M1 (bold solid line with solid circles);L1 (bold dashed line
with crosses); one orbit ofL1 and its successors (thin line with ope
circles); the orbit consecutive to it and its predecessors (thin
with open squares). To illustrate the smoothing effect of minimiz
functional(5), we only plot a very small portion of these sets in t
vicinity of the jump between the consecutive orbits.

of the observed system, may be described as follo
(a) an artificial gap is introduced in the signal; (b) t
vector field is reconstructed; (c) a discretized form
the functionalJ is evaluated for the missing sequen
of vectors, which, in this case, is actually known. F
the filling-gap problem there is no point in looking f
an interpolating set yielding smaller values of the d
cretized functional than one obtains with artificial ga
of the same length.
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4. Discussion and conclusions

In this Letter we have described an algorithm wh
fills an arbitrarily wide gap in a time series, provid
that the dynamic reconstruction method of Taken
applicable. The goal is to provide a filling signal whi
is consistent with the observed dynamics, in the se
that, in the reconstructed phase space, the vector
gent to the filling curve should be close to the vec
field modeling the observed dynamics. This requ
is cast as a variational problem, defined by the fu
tional (3). The acceptable degree of closeness is de
mined by the level of accuracy of the reconstructi
which is quantified by estimating the functional f
known orbits having the same length of the gap.

Obviously, if the time series has more than one g
our method can be applied to all the gaps, indep
dently of each other.

The key idea that greatly simplifies the problem
that of building a rough filling curve by stitching to
gether pieces of the observed dataset. The actual fi
curve, which will not be an exact copy of anythin
present in the observed dataset, is later obtained
refining the rough one. We have illustrated a basic
gorithm that embodies this idea, although no attem
has been made at making it computationally optim
In particular, with the algorithm in its present form
many of the forward and backward branches will
partial copies of each other, because nothing forb
two distinct branches to jump on the same orbit. T
leaves some room for improvement, because the e
tiveness of the method relies on a substantial amo
of the setR of reconstructed vectors to be explor
by a relatively limited number of branches. In a fort
coming, enhanced version of the algorithm some k
of tagging mechanism shall be incorporated in or
to produce non-overlapping hierarchies of forward a
backward branches.

We observe that this algorithm does not give a gu
antee of success: it is perfectly possible that no p
of the forward branches is the closest neighbor of
coincides with) a synchronous point of the backw
branches. In this case the obvious attempt is to dee
the hierarchy of the branches, as much as it is com
tationally feasible. Or, one may relax the request t
branches may jump only between closest neighb
and accept jumps between second or third neigh
as well. As a last resort, one may stitch any pair of f
-

ward and backward branches at their closest sync
nous points, hoping that the resulting jump could la
be smoothed satisfactorily by minimizing the functi
(5). However, when facing a failure of the algorithm
we believe that first one should question the goodn
and appropriateness of the dynamic reconstruct
The presence of too many gaps, the shortness o
time series, or measurement inaccuracies may m
the gap-filling problem an insoluble one. We specu
that the ability of filling gaps with relative ease is
way to test the goodness of a dynamic reconstruct

The ease with which a gap may be filled, as a fu
tion of his width, is a problem deserving further wor
For the moment we simply recall that if a set of init
conditions of non-zero measure is evolved in time
cording to(2), eventually it will spread everywhere o
the attractor (here the measure is the physical mea
µ of the attractor, cf. Ref.[12]). More rigorously, ifφt

is the flow associated to(2), and if it is a mixing trans-
formation, then, for any pair of setsA, B of non-zero
measure, limt→∞ µ(φtA ∩ B) = µ(A)µ(B). The dis-
persion of a set of initial conditions is further discuss
in [13], where, for example, it is shown that the ess
tial diameter of a set of initial conditions cannot d
crease in time, after an initial transient of finite leng

The notion of mixing transformations leads to t
idea that wide gaps should be easier to fill than not
wide ones, because forward and backward bran
have explored larger portions of the attractor, and
there is a greater chance to find synchronous po
where they can be joined together. As a first step
ward the verification of this hypothesis, we compu
the average minimum distance between synchron
points of the 1-jump forward and backward branch
as the gap moves along the dataset, for several
widths. We used the dataset discussed in Sectio3,
and a ten times longer extension of it. The results, p
ted in Fig. 4, show that the average separation of
branches initially increases as the gap widens, but
it reaches a well-defined maximum and, from there
decreases as the gap width is further increased.

We push these speculations even further by form
lating the hypothesis that the property of being m
ing (or, maybe, the lesser property of being ergod
rather than determinism, is the crucial factor that
lows for filling gaps in time series generated by chao
dynamical systems. Together with the fact that the
namic reconstruction technique has been success
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Fig. 4. Average minimum distance of synchronous points in
1-jump forward and backward branch as a function of gap wi
The dashed line refers to the dataset discussed in Section3, the solid
line refers to a ten times longer extension of that dataset. The v
cal line marks the Lyapunov timeλ−1 ≈ 1.1.

applied to stationary stochastic time series, to gene
surrogate data with the same statistics of the obse
ones[14], we suggest that some yet-unknown mo
ified version of the method illustrated in this Lett
should be able to fill gaps in a large class of stocha
time series.
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