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Abstract

We propose a method for filling arbitrarily wide gaps in deterministic time series. Crucial to the method is the ability to
apply Takens’ theorem in order to reconstruct the dynamics underlying the time series. We introduce a functional to evaluate
the degree of compatibility of a filling sequence of data with the reconstructed dynamics. An algorithm for finding highly
compatible filling sequences with a reasonable computational effort is then discussed.

0 2005 Elsevier B.V. All rights reserved.

PACS 05.45.-a; 05.45.Ac; 05.45.Tp

Keywords. Time series analysis; Chaos; Filling gaps

1. Introduction single time series it is possible to build-up a mathemat-
ical model whose dynamics is diffeomorph to that of
One problem faced by many practitioners in the ap- the system under examination. In this Letter we lever-
plied sciences is the presence of gaps (i.e. sequencegge the dynamic reconstruction theorem of Takens for
of missing data) in observed time series, which makes fj|ling an arbitrarily wide gap in a time series.
hard or impossible any analysis. The problem is rou- |t js important to stress that the goal of the method
tinely solved by interpolation if the gap width is very s not that of recovering a good approximation to
short, but it becomes a formidable one if the gap width the |ost data. Sensitive dependence on initial condi-
is larger than some time scale characterizing the pre- tions, and imperfections of the reconstructed dynam-
dictability of the time series. ics, make this goal a practical impossibility, except for
If the physical system under study is described by some special cases, such as small gap width, or peri-
a small set of coupled ordinary differential equations, odic dynamics. We rather aim at giving one or more
then a theorem by Takeri$,2] suggests that from a  syrrogate data which can be considecedpatible
with the observed dynamics, in a sense which will be
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We shall assume that an observable quantity open sel/ of R containing all the vectors;, the ob-
a function of the state of a continuous-time, low- served dynamics can be approximated by
dimensional dynamical system, whose time evolution
is confined on a strange attractor (that is, we explic- X=F(x). )

itly discard transient beh_avior). Both th_e explicit form  1his very idea is at the base of several forecasting
of the equations governing the dynamical system and schemes, where one takes the last observed vegtor

the function which links its state to the signat) may as the initial condition for Eq2), and integrates it for-
be unknown. We also assume that an instrument Sam-yard in time (see, e.g[7,8]).

pless(¢) at regular intervals of length¢, yielding an

A The gap-filling problem was framed in terms of
ordered set ofV data

forecasts by Serre et a]9]. Their method, which

. ) - amounts to a special form of the shooting algorithm
si=s(@—DAr), i=1...N. (1) for boundary value problems, is limited by the pre-
If, for any cause, the instrument is unable to record the dictability properties of the dynamics, and cannot fill
value ofs for a number of times, there will be some gaps of arbitrary width.

invalid entries in the time serigs;}, for some values The rest of this Letter is organized as follows: in
of the indexi . Section2 we cast the problem as a variational one,

From the time seriegs;} we reconstruct the un-  Where a functional measures how well a candidate fill-
derlying dynamics with the technique of delay coordi- ing trajectory agrees with the vector field defining the

nates. That is, we shall invoke Takens’ theoridn2] observed dynamics. Then an algorithm is proposed for

and claim that the:-dimensional vectors finding a filling trajectory. In Sectior8 we give an
example of what can be obtained with this method.

Xi = (Sis Sitts---»Sit(m-1)r) Finally, we discuss the algorithm and offer some spec-

. i L ulations on future works in Sectich
lie on a curve iMR™ which is diffeomorph to the curve

followed in its (unknown) phase space by the state of
the dynamical system which originated the signa).
Here t is a positive integer, antl now runs only up

tokN =N-—(m—Dr. Sg"era's ﬂ'tfa"s hha"e o be  1he source of all difficulties of gap-filling comes
@ en Into account in order to choose t e MOSt ap- f5m the following constraint: the interpolating curve,
propriate values fom andt. Strong constraints also which shall be as close as possible to a solutiof2f

cr?mehfrom th_e I_en_gth of tr;e tlrr;ehseéles, cqmlpared 0 must start at the last valid vector before the gap and
t edcf arac:}ensncnme Sfc.a esofthe Iyna_mlcahgy;te;n, reach the first valid vector after the gap in a tiffie
and from the amount of instrumental noise which af- | .1 is prescribed.

fects the data. We shall not review these issues here, To properly satisfy this constraint, we propose to

but address the reader to Rif$-5]. frame the problem of filling gaps as a variational one.

. We npte that gaps (that is, invalid entries) in the We are looking for a differentiable vector function
time serieqs;} do not prevent a successful reconstruc- £:[0, T] — U which minimizes the functional
tion of a setR = {x;} of state vectors, unless the total ~ "

width of the gaps is comparable witki. We simply T
mark as “missing” any reconstructed veciprwhose J(&) = /|§(;) — F(g(;)) |2d;, ()
components are not all valid entries. If the gap in the

signals spans more tha@mn — 1) x t data points, then it )

will be mapped into a contiguous gap in the sequence With

of reconstructed vectors.

If the valid vectors ofR sample well enough the 5O =Xy, §(1) =X
underlying strange attractor embeddedkit, one may Defining! = ¢ — p, we haveT = [At. If the curve
hope to find, by means of a suitable interpolation tech- £(¢) coincided with the missing curve(s) for ¢ €
nique, a vector fieldr: U — R™, such that within an [0, T], and F where a perfect reconstruction of the

2. A variational approach

0
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vector field governing the dynamics of the system,
then the functional would reach its absolute minimum
J = 0. The imperfect nature df suggests that any
curve which makes/ small enough can be consid-
ered, on the basis of the available information, a sur-
rogate of the true (missing) curve. In SectiBnve
shall offer a simple criterion to quantify how small
is “small enough”. For the moment we only care to
remark that, even for a perfect reconstruction of the
vector field, a curvé makingJ arbitrarily small, but
not zero, need not to approximaxét), in fact, the
two curves may be quite different; however, such a
curve ¢ is consistent with the dynamics prescribed
by (2).

Approaching a small value of from an arbitrary
initial curve using standard optimization methods may
be computationally very expensive. In addition, dis-
cretized forms of3) may have many relative minima
far away from zero, and we expect that downhill algo-
rithms will fall on one of these uninteresting minima
for most choices of the initial guess. Thus, our prob-
lem really reduces to that of finding an initial guess
suitable for easy refinement.

The complexity of the problem is greatly limited if
we require that the set of poins = {y;} that sam-

ple the initial guess, has to be a subset of the set

R of reconstructed vectors. The indgx=0, 1, ...,1
does not necessarily follow the temporal order de-
fined in R by the indexi (cf. Eq. (1)), but we re-
quire thatyg = x,, andy; = x,. We shall denote with
S(y;) the successor of the vectgr with respect to
the temporal order iR, and with P(y;) its prede-
cessor. IfP(y;11) #Y;, S(Y;) #Yj+1 we say that
there is a jump between the positighand j + 1.
We observe that ifC contained all the missing vec-
torsin the correct orde(= {X,, Xp11, ..., X4 }) there
would be no jumps inC. No subset ofR can be
found starting ak,,, ending atx,, and containing no
jumps.

To determine properties which characterize good
choices forL, we need to define a discretized form
of the functionalJ/ that can be evaluated for subsets
of R, rather than for differentiable curves. To this
end we may approximaté — F(£) with [(y,4+1 —
Yj) — (Yj+1 — P(y;j+1)]1/ At or with [(Yj+1 —Y;) —
(S(yj) — y;j)1/At. Averaging between the two ex-
pressions, and dropping the unimportant, the
discretized form of/ is

49
Jo(L) = | P(y1) — Yo
SXIPY11) — Y12+ 11— Sy
j+1) —Yj j+1— J
+Z >
j=1
+yr = Sy @)

Of course, we shall restrict our choice of vectors to be
included in£ only to valid vectors ofR having valid
predecessor and successor.

The value ofJy increases every time that there is
a jump in£L. Only the sequence of missing vectors, if
it were known, would give/o = 0. The magnitude of
the jump (that is the distance betweR(y ;1) andy;,
andS(y;—1) andy;) also affects/p.

Although a setZ which performs many very small

jumps can conceivably attain a very low value Jof

there is an exceedingly small probability to find it
within a finite dataset. An illustration of this statement
comes from the histogram fig. 1, which shows the
distribution of distances between each reconstructed
vector and its closest neighbor for the dataset dis-
cussed in SectioB: as expected the frequency of clos-
est neighbors quickly drops to zero for short distances.
Then our strategy for finding an initial guess for a
downhill minimizer will be that of looking for a set
L which performs as few jumps as possible, giving a
somewhat lesser importance to the task of keeping the
jumps very small.

Let us call orbit any sequence of valid vectors
which does not jump. The first vector of an orbit shall
have a valid predecessor, and the last a valid successor.
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Fig. 1. Distribution of distances between each reconstructed vector
and its closest neighbor for the dataset discussed in Sektion
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Thus we define thpredecessor of the orbit as the pre-
decessor of its first vector and likewise thecessor

of the orbit as the successor of its last vector. We say
that an orbit isconsecutive to a point if its successor
or its predecessor is the closest neighbor of the point.
Two orbits areconsecutive if the successor of one orbit
is the closest neighbor of the first vector of the other
orbit, or if the predecessor of one orbit is the closest
neighbor of the last vector of the other orbit. Let us
call branch a set made of consecutive orbits. Below
we describe a simple algorithm to construct a5éty
joining together one or more consecutive orbits.

(1) We follow forward in time the orbit consecutive
to x,, for I steps, or until it has a valid successor. We
store away the set of points madexgf followed by
the points of this orbit as the-jlimp forward branch.

(2) For each poiny; of each(n — 1)-jumps for-
ward branch (wherg =r,2r,... <lf, r is an ar-
bitrary stride,/s + 1 is the number of points in the
forward branch andls <), we follow forward in time
the orbit consecutive tg; for [ — j steps, or until it
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one is the closest neighbor of the other, then we de-
fine £ = Yo, -3 Yjrs Zjp41s oo 2 b

The setl has two properties which make it unsuitable
for filling the gap: it does not approximate well the
vector fieldF in correspondence of the jumps, and it
is piecewise identical to portions of the known signal.
Both problems may be fixed by iterating a downhill
minimization method using as the initial guess. To
this purpose we need a discretized form(®f which
allows as argument any finite sequence of point& of
(the discretizationd) is defined only for subsets &).
The simplest among many possibilities relies on finite
differences, leading to the following expression
Lw; —wj_ 2
I(M) = ; = Fwip)|
where M = wp, ..., w;, and the vectorsv; may or
may not belong toR. Here F(w;_1,2) is the vector
field F evaluated at the midpoint betwe&rny_; and
w;; J1 is afunction ofn (I — 1) real variablesWo = X,
andw; = x, shall be kept fixed), which can be mini-

(5)

has a valid successor. We store away all the points up mized with standard techniques, usifigas the initial

to y; of the current forward branch followed by the
points of the consecutive orbit as one of th¢umps
forward branches.

(3) We repeat step (2) for a fixed numbey of
times.

(4) We follow backward in time the orbit consecu-
tive tox, for [ steps, or until it has a valid predecessor.
We store away the points of the consecutive orbit fol-
lowed byx, as the 3jump backward branch.

(5) For each poing; of each(n — 1)-jumps back-
ward branch (wherg =0,r,2r,... <1, r is an ar-
bitrary stride,l, + 1 is the number of points in the
backward branch, anig < 1), we follow backward in
time the orbit consecutive to; for j steps, or until it

guess.

3. An example

In this section we show how the algorithm de-
scribed above performs on a time series generated by a
chaotic attractor. We integrate numerically the Lorenz
equations[10] with the usual parameterss (= 10,

r =28, b = 8/3). We sample the-variable of the
equations with an intervak: = 0.02, collecting 5000
consecutive data points which are our time series. One
thousand consecutive data points are then marked as
“not-valid”, thus inserting in the time series a gap
with a width of 1/5th of the series length, correspond-

has a valid predecessor. We store away all the points ofing to a timeT = 20. For this choice of parameters

this orbit followed by all the points from; to the end
of the current backward branch as one of thgimps
backward branches.

(6) We repeat step (5) a fixed numbegyrof times.

(7) For all possible pairs made by one forward
branch and one backward branch we examsymehro-
nous pairs of points, that is a poiry;, in the forward
branch, and a poirg;, in the backward branch such
that j» + 1, — j, =1, wherel, + 1 is the number of
points in the backward branch. If they coincide, or

the Lorenz attractor has a positive Lyapunov expo-
nentA ~ 0.9 [6], setting the Lyapunov time scale at
12—~ 1.1. We also find that the autocorrelation func-
tion of the time series drops to negligible values in
about 3 time units. We conclude tHatis well beyond
any realistic predictability time for this time series.

In the present example we selected the embedding
delay r = 5 simply by visual inspection of the re-
constructed trajectory, and we choose an embedding
dimensionm = 3. However, we checked that results
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are just as satisfactory at least up to embedding delay
7 =15, and embedding dimension= 6.

We apply the algorithm with ; = 2 andn;, = 0.
The strides are = 1 for the 2-jumps forward orbits
andr = 100 for the 3-jumps forward orbits. This leads
to 11 001 forward orbits to be compared with 1 back-
ward orbit, looking for synchronous pairs points which
coincide or are closest neighbor of each other. We find
two such pair of points, and the corresponding two ini-
tial guesse®; andL, are such thafp(£1) = 1.21 and
Jo(L2) =1.04.

The approximating vector field is extremely sim-
ple, and its choice is dictated solely by ease of imple-
mentation. A comparison between different interpolat-
ing techniques is off the scope of this Letter, and the
interested reader may find further information[ .

If X; andX; are the vectors aR, respectively, closest
and second closest to a vectwy, then we define

Xj — P(X;) +X; — P(X})
2At

F(wj-12) = (6)

Using the definition(6) in (5), we obtainJy(L£1) =
3.46 andJ1(£2) = 3.17. In order to smooth-out the
jumps in the filling sets, the functios is further de-
creased by iterating five times a steepest-descent line
minimization (see, e.g[11]) using£; and £L> as ini-
tial guesses. This procedure yields two sets &f1
points, M1 and M> such thatJ;(Mj) = 1.54, and
J1(M2) = 1.34. The corresponding time series are
shown inFig. 2 The difference between the smoothed
sets My and M plotted inFig. 2 and the sets with
jumps £1 and £ would be barely noticeable on the
scale of the plot.

The effect of the smoothing may be appreciated by
looking atFig. 3 which shows the region across the
jump between two consecutive orbits 6f. The non-
smoothed filling set (dashed line) abruptly jumps from
one orbit to the other, but the smoothed trajectory sin-
gled out by the points aM (thick solid line) gently
moves between them.

No attempt has been made to approach as closely
as possible a minimum of;. In fact, we verified that
for orbits in R having the same length as the interpo-
lating setsM1 and M2, J1 ranges (roughly) between
1 and 9. A general criterion to quantify the accuracy
with which the fieldF approximates the true dynamics
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Fig. 2. Panel (A) shows portion of the time series discussed in Sec-
tion 3. The bold line was removed and the resulting gap was filled
by applying the algorithm described in Sect@nThe bold lines in
panels (B) and (C) are two different fillings.
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Fig. 3. Plot of the first two components of the reconstructed vectors
of: M1 (bold solid line with solid circles),£, (bold dashed line
with crosses); one orbit af 1 and its successors (thin line with open
circles); the orbit consecutive to it and its predecessors (thin line
with open squares). To illustrate the smoothing effect of minimizing
functional(5), we only plot a very small portion of these sets in the
vicinity of the jump between the consecutive orbits.

of the observed system, may be described as follows:
(a) an artificial gap is introduced in the signal; (b) the
vector field is reconstructed; (c) a discretized form of
the functional/ is evaluated for the missing sequence
of vectors, which, in this case, is actually known. For
the filling-gap problem there is no point in looking for
an interpolating set yielding smaller values of the dis-
cretized functional than one obtains with artificial gaps
of the same length.
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4. Discussion and conclusions ward and backward branches at their closest synchro-
nous points, hoping that the resulting jump could later

In this Letter we have described an algorithm which be smoothed satisfactorily by minimizing the function
fills an arbitrarily wide gap in a time series, provided (5). However, when facing a failure of the algorithm,
that the dynamic reconstruction method of Takens is we believe that first one should question the goodness
applicable. The goal is to provide a filling signal which and appropriateness of the dynamic reconstruction.
is consistent with the observed dynamics, in the sense The presence of too many gaps, the shortness of the
that, in the reconstructed phase space, the vector tantime series, or measurement inaccuracies may make
gent to the filling curve should be close to the vector the gap-filling problem an insoluble one. We speculate
field modeling the observed dynamics. This request that the ability of filling gaps with relative ease is a
is cast as a variational problem, defined by the func- way to test the goodness of a dynamic reconstruction.
tional (3). The acceptable degree of closeness is deter-  The ease with which a gap may be filled, as a func-
mined by the level of accuracy of the reconstruction, tion of his width, is a problem deserving further work.
which is quantified by estimating the functional for For the moment we simply recall that if a set of initial
known orbits having the same length of the gap. conditions of non-zero measure is evolved in time ac-

Obviously, if the time series has more than one gap, cording to(2), eventually it will spread everywhere on
our method can be applied to all the gaps, indepen- the attractor (here the measure is the physical measure
dently of each other. wu of the attractor, cf. Ref12]). More rigorously, if¢,

The key idea that greatly simplifies the problem is is the flow associated @), and if it is a mixing trans-
that of building a rough filling curve by stitching to-  formation, then, for any pair of sets, B of non-zero
gether pieces of the observed dataset. The actual filling measure, lim., o (¢ A N B) = w(A)u(B). The dis-
curve, which will not be an exact copy of anything persion of a set of initial conditions is further discussed
present in the observed dataset, is later obtained byin [13], where, for example, it is shown that the essen-
refining the rough one. We have illustrated a basic al- tial diameter of a set of initial conditions cannot de-
gorithm that embodies this idea, although no attempt crease in time, after an initial transient of finite length.
has been made at making it computationally optimal. ~ The notion of mixing transformations leads to the
In particular, with the algorithm in its present form, idea that wide gaps should be easier to fill than not-so-
many of the forward and backward branches will be wide ones, because forward and backward branches
partial copies of each other, because nothing forbids have explored larger portions of the attractor, and so
two distinct branches to jump on the same orbit. This there is a greater chance to find synchronous points
leaves some room for improvement, because the effec-where they can be joined together. As a first step to-
tiveness of the method relies on a substantial amountward the verification of this hypothesis, we computed
of the setR of reconstructed vectors to be explored the average minimum distance between synchronous
by a relatively limited number of branches. In a forth- points of the 1-jump forward and backward branches
coming, enhanced version of the algorithm some kind as the gap moves along the dataset, for several gap
of tagging mechanism shall be incorporated in order widths. We used the dataset discussed in Se@jon
to produce non-overlapping hierarchies of forward and and a ten times longer extension of it. The results, plot-
backward branches. ted inFig. 4, show that the average separation of the

We observe that this algorithm does not give a guar- branches initially increases as the gap widens, but then
antee of success: it is perfectly possible that no point it reaches a well-defined maximum and, from there on,
of the forward branches is the closest neighbor of (or decreases as the gap width is further increased.
coincides with) a synchronous point of the backward =~ We push these speculations even further by formu-
branches. In this case the obvious attempt is to deepenlating the hypothesis that the property of being mix-
the hierarchy of the branches, as much as it is compu-ing (or, maybe, the lesser property of being ergodic),
tationally feasible. Or, one may relax the request that rather than determinism, is the crucial factor that al-
branches may jump only between closest neighbors, lows for filling gaps in time series generated by chaotic
and accept jumps between second or third neighbors dynamical systems. Together with the fact that the dy-
as well. As a last resort, one may stitch any pair of for- namic reconstruction technique has been successfully
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